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A two-player game played on a graph is introduced and completely solved. As a 
consequence, a solution to a simplified variation of a well-known game called dots and boxes 
played on a grid [2] is given. 
1. ‘Pbe vertex-picking game and the grid game 
Definitions and notations are classical. See [l] for instance. 
The vertex-picking game is a two-player game played on a graph G with no 
loops. Two players A and B alternatively delete one edge r,r’ the graph. Every 
time a player isolated a vertex, he scores one point. Hence, at each move, .a 
player can score 0, I or 2 points. The game ends when all the edges of G have 
been deleted. The winner (if any) : the player with the largest score. (Of course, 
the vertices which are isolated at the beginning are not considered). 
Pn Section 2, we shall describe a winning strategy for the vertex-picking ame 
(Theorems 1 and 2). The solution of this problem yields a solution for the grid 
game, which rules are defined as follows. Two players alternatively mark one 
interior edge of a grid of size p x q, p 2 2, q z 2, see Fig. 1. An edge can be 
marked only once and the edges on the sides are considered as initially marked. 
A player scores one point every time he completes a square, i.e. every time three 
edges of a square having been marked he plays the fourth one. Hence, at each 
move, a player can score 0,l or 2 points. The game ends when all the edges have 
been marked. As in the vertex-picking ame, the winner (if any) is the player 
with the largest score. The grid game is a variation of the well-known game of 
dots and boxes [2], in which the rule is the same except thai; the player who has 
completed a square plays again. The game of dots and boxes is not solved (even 
for the square 4 x 4), see [2]. 
2. The results 
The solution of the vertex-picking ame is given by the following two theorems: 
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Fig. 1. 
-rem I, bs G is a graph with (4;~ odd numb& :- of edges, then the first player has 
a winning strategy for the vertex-picking game played on G. 
‘Ilrhesrem 2. If G has an even number of vertices and no pendant vertex, then the 
second player has a winning strategy. 
of of Theorem 1. The strategy that we describe is greedy, in the sense that it 
ways maximizes the increase in score attainable at the next move. The proof of 
Theorem 1 amounts to the examination of several cases and we proceed by 
induction on the number -a .,,(G) of edges in G. In all what follows, we assume that 
A is the first player and B the second player. 
Case 1. G has a connected compmment reduced to one edge. A plays this edge 
and scores two points. At the next turn, B cannot score more than two points and 
the result follows by applying the induction hypothesis. 
Case 2. Now, Case 1 does not apply. We suppose that G has a connected 
component G’ with 3 pendant vertpv UAX, such that G’ is not reduced to a path of 
length 2. A plays the edge e of G’ containitg x and scores one point. As the 
graph G\e has no connected component reduced to one edge, B cannot score 
more than one point at the second turn, and we can use again the induction 
hypothesis. 
Case 3. SVe suppose that Cases 1 and 2 do not apply, and that there exists a 
path (of odd length) x1, x2, . . . , xu, in G, such that d&x1) 2 3, d&x& 2 3 and 
d&) = 2 for all i with 1 <i C 2k. (Of course, we can have k = 1). A plays x1x2 
and after each move of applies the strategy defined in Case 1 or 2. It is easy to 
check that the best possible strategy for B in order not to get immediately a losing 
position is to play X2X3, in which case A plays x3x4 and so on until B scores zero 
points (and the induction hypothesis can apply), or an edge of a path of length 2. 
In this latter case, A plays the other edge, and whatever is the next move for B, 
A will have scored at least the same number of points as B and the induction 
hypothesis will apply. 
Case 4. We suppose that Cases 1 , 2, 3 do not apply. Since m(G) is odd, G 
must have a connected component which is reduced to an odd cycle. A plays any 
edge of this odd cycle and then applks the strategy defined in Case 1 or 2. As is 
easily seen, the same analysis which was made in Case 3 applies again, i.e. after a 
certain number of moves, A will have scored a number of points at least equal to 
the score of B. So we shall be able to apply the induction hypothesis. 0 
Roof of Theorem 2. A plays any edge and leaves a winning situation to B, by 
Theorem 1. q 
We now consider the grid game defined in Section i. 
Theorem 3, If p and q have an opposite (resp. the same) parity, then the first 
(resp. the second) player has a winning strategy for the grid game played on a grid 
of size p X q. 
Proof. We remark that the grid game is equivalent o the vertex-picking ame 
played on the graph G drawn in dashed lines on Fig. 1. As m(G) is odd if and 
only if p and q ha-q-e an opposite parity, we conclude by Theorem 1 or Theorem 
2. 0 
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